ACOUSTIC WAVEFRONTS IN
CRYSTALLINE SOLIDS D rop a pebble into a pond and the result is quite predictable: A circular wave expands out from the disturbance. Similarly, sound waves in the atmosphere radiate spherically from a point source. Vibrational waves in a solid medium, however, exhibit a much more intriguing behavior.
Due to the ordering of atoms into a lattice structure and the directional bonding between atoms, a crystal exhibits significant anisotropies in its elastic properties. Consequently, the wavefront of vibrational energy emanating from a point disturbance within the crystal is far from spherical. Although the mathematics of elastic-wave propagation in an anisotropic medium has been known for decades, 1 experimental observation of a vibrational wavefront from a point source in a crystal has only recently been achieved.
In this article, I use the results of newly developed imaging techniques to help describe the basics of wave motion in elastically anisotropic solids. In particular, it is now possible to observe-in slow motion-an expanding vibrational wavefront from a short excitation pulse in a solid. Also measurable is the spatial distribution of energy flux emanating from a point source of continuous wave oscillations. These types of observations and the corresponding theoretical computations offer graphic insights into two of the oldest fields in condensed matter physics: physical acoustics and thermal conduction. Figure 1 gives a glimpse of the nature of elastic wavefronts in a crystal of silicon. The "wavefront imaging" technique used to produce these experimental results 2 is explained later in the article. Basically, a pulse of ultrasound is introduced at a point on one face of the crystal. The three prominent features in the figure are successive snapshots of the ultrasonic wave as it strikes the opposite face of the crystal. We see a clear indication of a nonspherical wavefront emanating from the point source. The appearance of folds in a wavefront is common to essentially all crystals and is one of the principal features to be discussed here.
The shape of a vibrational wavefront depends on the particular elastic tensor of the medium-a fourth-rank tensor that relates the two second-rank tensors of stress and strain. In contrast, electromagnetic waves in an anisotropic medium are typically governed by a secondrank tensor, leading to elliptical wavefronts (birefringence). Because electrons in crystals, on the other hand, 
Vibrational waves
The vibrational properties of solids-those involving the motion of the atomic nuclei-impact nearly every aspect of condensed matter physics. At frequencies in the megahertz range, vibrational waves are known as ultrasound. At frequencies in the gigahertz to terahertz range (10 9   -10 12 Hz), lattice vibrations are best described as packets of energy, or phonons. Among their activities, phonons govern the thermal properties of solids, they scatter electrons, relax spins and mediate conventional superconductivity.
The electronic properties of solids cannot be understood quantitatively without resorting to quantum theory. Vibrational properties, on the other hand, succumb more easily to classical modeling. Continuum elasticity theory, which treats the problem of elastic-wave propagation in an anisotropic medium in terms of a few empirical parameters (the elastic constants and mass density), is extremely accurate in predicting the propagation of elastic waves whose wavelengths are long compared to the atomic spacing. Furthermore, microscopic lattice-dynamics theories are quite successful in describing the vibrational spectra of solids even at wavelengths approaching the atomic spacing.
We owe this good fortune to the fact that heavy atomic nuclei move rather sluggishly in a sea of rapidly moving electrons. In technical terms, the electronic wavefunctions change adiabatically with a shift in nuclear positions (the Born-Oppenheimer approximation), legitimizing the concept of interatomic bonds. By judiciously choosing a few empirical "spring constants" to describe these bonds, and by making use of the lattice symmetry, one can determine the wave equation for a plane wave with wavevector k and solve for its frequency w(k).
Given this semi-classical solution, quantum mechanics asserts itself by restricting the energy of a wave with frequency w to a zero-point contribution of V 2 / ?ct > plus an integral number of quanta with energy hco, known as phonons. A quantum statistical treatment of phonons provides us with the basis for understanding the thermal properties of a non-metallic solid, such as its specific heat and thermal conductivity. Unlike photons-the quanta of electromagnetic energy-phonons can possess longitudinal polarization. Their propagation reflects the intricate anisotropies of the elastic medium, and their dispersion relation o>(k) contains both "acoustic" and "optic" branches. Optical modes occur when there is more than one atom VlBRATIONAL WAVEFRONTS in a crystal of silicon. An ultrasonic pulse is generated at a point on one surface of the crystal and is detected as it strikes the opposite surface. Here a short pulse containing 2 or 3 cycles at 50 MHz was generated at a time t = 0, and snapshots of the arriving wave at t = 1.76 ^s, 2.04 /JLS and 2.42 (JLS were superimposed to produce this photo. A nonspherical wavefront, due to elastic anisotropy of the crystal and associated with the slow-transverse wave, radiates from the point source. (From ref. 2.) FIGURE 1 per unit cell in the crystal. These modes are characterized by nonzero frequency as wavevector approaches zero, and hence can couple directly to photons.
Anisotropy in phase velocity
We shall concern ourselves only with acoustic phonons, whose frequencies extend from zero to approximately 10 12 Hz in most solids. The wave equation for an elastically anisotropic medium has plane-wave solutions of the usual form, u = u 0 e cos(k-r -ojt), where u represents the local displacement of the atoms from their equilibrium positions and e is a unit polarization vector. In the long-wavelength limit (k «: 27r/lattice spacing), these waves have a linear dispersion relation, OJ -vk, but the phase velocity v depends on the direction of k. For a given k, there are three possible acoustic waves with the above form-one longitudinal (e || k) and two transverse (e 1 k)-possessing three orthogonal polarization vectors and three distinct phase velocities. (For an anisotropic medium, the waves are actually quasi-longitudinal and quasi-transverse, because in general their polarization vectors are not exactly parallel or perpendicular to k.)
A classic experiment that shows the anisotropy of elastic-wave propagation was performed in the 1930s by C. Schaefer and Ludwig Bergmamr and is illustrated in figure 2 . A narrow beam of monochromatic light was passed through a crystal and its Bragg reflection from an acoustic field, generated by an rf transducer, was observed. Due to the large difference between light and sound speeds, only acoustic waves with k nearly perpendicular to the incident light beam are capable of scattering light. The deflection angle is proportional to k = co/v, where w is the fixed acoustic frequency and u is the magnitude of the phase velocity in the direction of k. That is, at a constant frequency the deflection of the light is proportional to inverse phase velocity, or "slowness."
In the experiment, an angular distribution of plane waves with a near continuum of k directions is produced by bouncing the ultrasonic wave off of obliquely cut sample surfaces. Thus, a polar plot of k = Clystal (o/v(0)-a slowness curve-is traced out on the screen. Here 6 represents the direction of k in the plane normal to the incident beam.
We see in figure 2 two slowness curves in the (100) plane of lithium fluoride, the outside one corresponding to the slow transverse mode and the other to the longitudinal mode. (The fast transverse wave is also present, but does not couple to the light because its polarization is along the propagation direction of the optical beam.) Each of these curves actually represents the cross section of a three-dimensional slowness surface l/v (6,cp) , sliced in the plane normal to the incident optical beam. The observed anisotropy in the phase velocity may be compared with theory by solving the vibrational wave equation for u in a given k direction. The shape of the slowness surface is governed by the elasticity tensor C ljlm of the particular medium. The velocity v (6,cp) is an eigenvalue solution of the Christoffel equation, Group velocity and the wave surface
In an anisotropic medium the flow of vibrational energy in a plane wave is generally not along the direction of its wavevector k. Instead, energy propagates along the direction of the wave's group velocity, given by the gradient ofco(k):
As in the case of electromagnetic waves, the group velocity V is related to the acoustic Poynting vector by P = V U, where U is the vibrational energy density in the wave.
The group velocity is normal to the constant-frequency surface (that is, the slowness surface) at position k. This idea is illustrated in figure 3, which shows the (100) cross section of a slowness surface like that of slow transverse waves in LiF or Si. Normals to the surface are drawn at the top. The locus of all possible group velocities (formed by connecting their tails together) is known as the groupvelocity surface, or wave surface. Figure 3 shows a (100) slice of the corresponding wave surface. The group velocity V and the slowness s = k/o> for a particular plane wave are related by the formula V-s = 1, a relation that says that the slowness and wave surfaces are polar reciprocals.
The wave surface in figure 3 is folded. Just how does this folding occur? We see that as k is rotated clockwise away from the z axis of the cubic crystal, the corresponding V begins rotating counterclockwise. As k passes the inflection point (solid dot), where the curvature of the slowness surface changes from concave to convex, V reverses its rotational sense to clockwise, creating the fold in the wave surface. Points of zero curvature on the slowness surface create folds in the wave surface.
The physical significance of the group-velocity surface is simple: It defines the shape of a vibrational wavefront emanating from a point disturbance in the crystal. To observe this fundamental property of an elastic medium, Matt Hauser and I recently devised the "wavefront imag-SLOWNESS CURVE AND WAVE SURFACE. Top: Schematic drawing of a constant-w curve in k-space-a "slowness curve"-similar to the curve formed by the slow transverse wave in figure 2. The group velocity V for a given wavevector k is normal to this curve. Bottom: Group-velocity surface, or "wave surface," constructed by connecting the tails of all possible group-velocity vectors. The numbered vectors correspond to those labeled on the slowness surface shown above. FIGURE 3 IMAGES OF ULTRASONIC FLUX emanating from a point disturbance in a solid. Here a 2 x 2 x 1-cm 3 crystal of silicon is immersed in water and excited by a focused ultrasonic transducer with 0.2-mm focal spot. A similar transducer detects the transmitted pulse at a desired position on the opposite side of the crystal. The detector is raster-scanned in two dimensions across the surface, and time traces of the pulses are collected for each xy position. The resulting xyt "data cube" is transposed to provide a slow-motion "movie" of the transmitted acoustic flux. Here we see several frames of a wavefront movie of silicon showing the arrival of a nearly spherical longitudinal wave followed by the arrival of a nonspherical slow transverse wave. (From ref. 2.) FIGURE 4 ing" experiment 2 -4 shown in figure 4. A focused acoustic beam from an ultrasonic transducer excites a small spot on one face of a solid that is immersed in a water bath. An identical transducer is focused on the opposite face and receives the acoustic wave transmitted through the crystal. The receiving transducer is raster-scanned in the xy plane, and a time trace is recorded at each of 256 x 256 positions. From these data, one can construct a spatial distribution of the transmitted flux at successive delay times after the initial pulse. The result is an ultra-slowmotion movie of the expanding wavefront striking the crystal surface. Figure 4 shows several frames of the wavefront movie for a crystal of silicon. The 2 x 2 x 1-cm 3 crystal is excited by an ultrasonic beam focused to a diameter of about 0.2 mm and having a duration of about 100 nanoseconds. At early delay times, one can see the arrival of a nearly spherical longitudinal wave at the detection surface. As time progresses, the transverse wave arrives and displays a folded wave surface, similar to the one predicted in figure 3 . The remarkable slow transverse wavefront is shown with higher resolution (using a 40-ns pulse) in figure 1 , which combines three superimposed frames of the movie. Also observed in the background of both figures are reflections of the faster longitudinal wave from the side surfaces of the crystal.
Internal diffraction of ultrasound
One of the strange consequences of a folded wave surface is that for a given propagation direction (along V) more than one pulse associated with a single mode of vibration arrives at the detector. In the far field, each of these pulses may be considered a plane wave with a distinct wavevector k, which is normal to the wave surface at that point. (The wavefront surface is also a surface of constant phase for an oscillating wave.) Thus, there are multiple waves, each with a different k, traveling in the same real-space direction. Figure 5 illustrates this idea. Here we consider the case where the source produces a "tone burst," or wave train, containing many cycles of ultrasound, in contrast with the experiments of figures 1 and 4, where only 1-3 oscillations were generated. The closely spaced parallel lines in figure 5 represent wave crests. Waves with the same V direction and different k overlap in time and coherently interfere. Different sections of the wave surface propagate at different velocities, so the phase difference between wave components depends on both the propagation direction and the distance R = Vt from the source to the detector.
Consider the two segments k x and k 2 shown in figure  5 . Assuming that the polarizations of these two waves are nearly the same, their sum has the form:
The phase difference between these waves is dk-R, where dk = k 2 -k 1 . As the propagation angle is reduced from that shown in the figure, the velocities of the two components grow farther apart and a series of fringes is predicted, as plotted schematically in figure 5 . This type of interference effect was predicted by Humphrey Mans. 5 The position of the first minimum away from the fold corresponds to dk-R = IT. One can show 6 that this occurs for an angular displacement dO = constant x (X/R) 2/: \ where A = 2ir/k 0 . This result may be contrasted with that for the two-slit interference problem, which predicts that the angle between fringes is proportional to the wavelength and independent of the sourceto-detector distance. Also, in the present case there is only one source.
Experimental observation of this remarkable self-interference of an acoustic wave was made by Richard Weaver, Matt Hauser and me. 6 ' 7 We generated an oscillating point source of ultrasound on one surface and measured the transmitted intensity as a function of position on the opposite surface. We examined several solids, including insulators, metals and graphite composites. An ultrasonic image for a 2-cm cube of silicon at a frequency of 15 MHz is shown on the cover of this issue. The crystal axes are rotated 45 degrees from those of figures 1 and 4. A striking two-dimensional "diffraction pattern" is observed. A horizontal line scan through the center of this image produces a fringe pattern similar to that plotted in figure 5 . A calculation of the transmitted intensity that includes the propagation of the waves through the water, across the solid-liquid interfaces and through the silicon agrees quite well with these results. 6 Just what is the physical origin of this two-dimensional pattern?
The slowness surface
To understand the details of this ultrasonic diffraction pattern, one must consider the full three-dimensional slowness surface for silicon. A continuum-theory calcula-
INTERNAL DIFFRACTION MECHANISM for ultrasound in an anisotropic solid. A "tone burst" containing many cycles of ultrasound emanates from a point source. A section of the expanding wave train contains three segments, each with a wavevector k normal to the wave surface (which is a phase front). Because these distinct k components have slightly different speeds, depending on the direction of propagation, their relative phases change with propagation angle 6. If the relative phase of the overlapping waves at the detector surface is an integral multiple of TT, a "null" in the acoustic signal is observed. Therefore, scanning the detector across the folded region of the wave surface results in a fringe pattern, such as the schematic one shown here. The fringe pattern corresponds roughly to a line scan across the center of the ultrasonic image on the cover of this issue. The dashed curve indicates the detected flux for high-frequency, incoherent waves-that is, phonons. In that case, singularities in flux occur at the folds in the wave surface. FIGURE 5 tion and some computer graphics yield the slow-transverse slowness surface shown in figure 6 . Up until now, we have been considering only a slice of this surface, indicated by the dashed curve in the figure. The two black dots correspond to the inflection points in the slowness surface that led to the folds in the wave surface in the (100) symmetry plane ( figure 3) . We see now that these inflection points are actually only two points on "lines" of zero Gaussian curvature that are the borders between large convex regions (light) and saddle regions (dark). The small light "cloverleaf" has concave curvature. The elongated saddle regions extending from the <100> to the <111> directions give rise to the folds in the three-dimensional group-velocity surface that were observed in the experiment of figure 1 (which is rotated 45 degrees from the cover image). The saddle regions (and corresponding folds) produce the overall "X" pattern in the time-integrated ultrasonic image on the cover.
In effect, the ultrasonic image represents a "diffraction limited" projection of the wave surface onto the detection surface of the crystal, which is why this effect has been called internal diffraction. The closest optical analog is Fresnel diffraction of an aperture, but here the "object" being imaged is the crystal's acoustic wave surface. As the frequency is increased, the fringes become more closely spaced and the intensity near the folds increases, approaching the dashed curve in figure 5 . Therefore, to observe the projection of the wave surface in finer detail, one must use shorter acoustic wavelengths.
The most convenient source of high-frequency acoustic waves is pulses of heat. At normal temperatures, however, heat propagation is highly diffusive, limited by the scattering of phonons. By cooling the crystal to a few degrees Kelvin, one greatly diminishes phonon scattering and the resulting mean-free-path of phonons with frequencies of several hundred gigahertz can extend to millimeters in high-quality nonmetallic crystals. The propagation of such "ballistic heat pulses" through crystalline media was initially demonstrated in the 1960s by Robert von Gutfeld and Arthur Nether cot. 8 Phonon images-mapping the wave surface
The experimental concept of phonon imaging 9 is similar to the ultrasound technique used to produce figure 4. However, instead of acoustic transducers, a focused laser beam is used to provide a movable source of heat, and a tiny superconducting film of metal operates as a fixed detector. The crystal is typically immersed in superfluid liquid helium at a temperature of 2 Kelvin. Figure 7 shows a high-resolution phonon image of silicon obtained by Jeffrey Shields at the University of Illinois, Urbana-Champaign. 10 The angular scan range is about half that of the cover photo. This THREE-DIMENSIONAL SLOWNESS SURFACE calculated for the slow transverse mode in silicon. Light regions have positive Gaussian curvature (convex or concave) and dark regions have negative curvature (saddle). The boundaries between these regions have zero curvature, leading to the high-intensity caustics in a phonon-imaging experiment. The < 100 > directions point from the origin through the center of the cloverleaf, and the < 111 > directions point from the origin through the three-fold connections of the dark saddle regions. The white dashed line represents the slowness curve in figure  3 ; the black dots correspond to the inflection points in that figure. Slowness surfaces for other cubic crystals are studied in ref. 12 . FIGURE 6 PHONON IMAGE AND REPRESENTATION of wave surface.
Top: High-resolution phonon image of silicon centered along the [100] direction-the cube axis. The silicon crystal is immersed in liquid helium and excited by a focused laser beam that is raster-scanned across the surface. Ballistic heat flux is detected with a tiny superconducting detector on the opposite surface. The bright lines are caustics caused by the zero-curvature lines on the slowness surface (the borders between light and dark regions in figure 6 ). The scan range is about half that of the ultrasonic image on the cover-that is, this is a magnification of the central region. Bottom: Sections of the folded slow transverse wave surface of silicon that correspond to increasingly larger surface elements in the cloverleaf region of the slowness surface (compare with figure  6 ). The folds in this wave surface map directly onto the caustics (bright regions) in the phonon image. Corresponding points are labeled A, B and C. FIGURE 7
image of ballistic heat flow represents a high-resolution projection of the acoustic wave surface onto the detection surface of the crystal. The bright lines correspond to the folds in the wave surface. The dashed line in the intensity plot of figure 5 indicates why this is so. It shows the acoustic flux in the limit of high-frequency and for an incoherent source of phonons in a heat pulse. In this case, the folds in the wave surface give rise to "caustics," or integrable singularities in energy flux. Basically, the folds in the group-velocity surface correspond to zero-curvature regions on the slowness surface, where a large range of phonon wavevectors map into a narrow range of group-velocity directions (see figure 3) .
y No diffraction oscillations are seen in figure 7 because the phonon frequencies are hundreds of gigahertz. The mapping of a wide angular range of wavevectors into a small solid angle in real space is known as phonon focusing. It was originally conceived by Brian Taylor, Maris and Charles Elbaum and was experimentally examined by John Hensel and Robert Dynes.
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One can visualize the topology of the three-dimensional group-velocity surface by considering the locus of normals to the slowness surface in figure 6 . In the proximity of the cloverleaf section, a multiply folded surface is obtained, as represented in the drawings of figure 7. These are sections of the wave surface that correspond to larger and larger portions of the slowness surface indicated at the bottom of figure 7. From the folds in the wave surface, one can see the topological origin of the caustics in the phonon image.
Such topological complexity is not unique to silicon. All real crystals have characteristic wave surfaces (and caustic patterns), which are determined by the fourth-rank elasticity tensor of the particular medium. It turns out that elasticity theory applies quite well to ballistic phonons with frequencies of several hundred gigahertz, even though their wavelengths are only a few tens of nanometers. In cubic crystals, the wave surfaces and caustic patterns are determined by only two parameters, the ratios of the three elastic constants. 12 A face-centeredcubic crystal with spring-like bonds between nearest neighbors has a caustic pattern like the one in figure 7.
Surface acoustic waves So far we have considered the propagation of acoustic waves through the bulk of the crystal. Another fundamental type of acoustic wave is closely confined to the surface of the crystal. These so-called surface acoustic waves are actually a superposition of bulk waves combined to meet the boundary conditions-for example, zero stress for a free surface. Surface acoustic waves in the megahertz range have found important applications in communications, because they have much smaller wavelengths than radio waves with the same frequencies. Of course, the velocities of surface waves reflect the elastic anisotropy of the solid medium.
To determine the anisotropy in the group velocity of surface waves, Robert Vines, Hauser and I have developed a simple variation of the wavefront imaging technique described above. 13 We focus two ultrasonic transducers onto different spots on the same surface of a solid that is immersed in water. The sample is rotated about an axis normal to the surface to be studied. Time traces of the transmitted sound wave following an ultrasonic pulse are recorded for a succession of propagation angles relative to the crystal axes. The transit time of the pulse between the point source and the point detector is d/V, where d is the distance between focal spots and V is the group velocity of the wave in that direction. Figure 8a shows an "angle-time image" revealing the anisotropic velocities of the surface waves on a (001) surface of Ge. Figure 8b shows a similar image for a carbon fiber composite consisting of multiple graphite layers epoxied together.
14 Theoretical models of these results are still being developed.
Applications
There are practical aspects to such experiments. The use of point sources and detectors (in contrast with planar transducers, which generate single wavevectors) is expanding rapidly, especially in applications of non-destructive evaluation. With techniques similar to those described in this article, the experimenter can observe the highly directional evolution of a vibrational wavefront over time. As we have seen, the nonspherical shapes of the acoustic wavefronts are governed by the elastic anisotropies of the medium, which arise from direction-dependent bonds between atoms or synthetic layers. In addition, the ability to measure the attenuation of ultrasound as a continuous function of angle may provide useful information about the coupling of acoustic waves to electrons and ANGLE-TIME IMAGES of surface waves. An ultrasonic transmitter and an ultrasonic receiver are focused onto the surface of a sample, which is rotated about an axis normal to the surface, a: Angle-time image of the (001) surface of germanium, showing a large anisotropy in the group velocity of the surface acoustic waves. 13 b: Angle-time image of a graphite composite structure, showing that ultrasonic pulses are transmitted for only a limited range of propagation directions with respect to the graphite-fiber directions. The composite sample was fabricated by Chris Byrne and Robert Green at Johns Hopkins University. FIGURE 8 defects in metals and semiconductors, as well as giving unique information about the bonding and homogeneity of composite structures.
In the hundred-gigahertz regime, imaging experiments have already yielded a great deal of quantitative information about the scattering of phonons from carriers, defects and surfaces. 15 The anisotropic flux of heat from a point source at low temperatures has profound effects on the distribution of photoexcited carriers in semiconductors. 16 Furthermore, the focusing of ballistic phonons will play an essential role in phonon-based high-energy-particle detectors and can be exploited to determine the position of an absorbed particle. 17 The remarkable anisotropies in phonon propagation are an integral component of condensed matter physics at low temperatures.
